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A VECTOR ACCOUNT OF FOUR-PIECE MECHANISMS. 
By W. R. ANDREss. 


§ 1. Ir four rigid rods are smoothly pivoted together at their ends to form a 
closed quadrilateral the system is said to form a four-link chain. Under 
certain conditions, five in number, it is found that the quadrilateral is freely 
deformable and the system is then regarded as a mechanism.* Isolated 
systems, satisfying the necessary conditions and hence admitting deformation, 
have been known for some time, namely, 


(a) the case in which the rods are coplanar and all the hinges are perpen- 
dicular to this plane ; , 


(6) the general ‘‘ spheric or conic-chain ’’ in which the lines of the four 
hinges are concurrent ; * ¢ 


(c) the case of the ‘‘ Skew-isogram ”’ discovered by Dr. G. T. Bennett.{ 


No general account seems to have been given in which these exceptional 
cases arise naturally or in which their completeness is established. 

By introducing some vector formulae, which I have called ‘‘ Interposition 
Formulae ”’, a convenient means is provided of readily moving around the 
mechanism and so setting up the necessary formulae in a natural and straight- 
forward manner. Incidentally, a formula, proved by R. H. Macmillan and 
by Dr. G. T. Bennett by using the Spherical Trigonometry of a quadrantal 
om is merely an immediate interpretation of the interposition formula 
(2-3). 

The necessary equations are set up and the required poristic solutions are 
obtained, leading to the three cases already mentioned, and it is shown that 
these solutions exhaust the possibilities. 

A more general case is considered in which the hinges are not necessarily 
perpendicular to the rods to which they are attached. It is shown that this 
does not lead to anything essentially new. 


*R. H. Macmillan, Math. Gazette, Feb. 1942, Vol. XX VI, No. 268, pp. 5-20. 
t Reuleaux, Kinematics of Machinery. Trans. by Kennedy, Macmillan (1876), 
pp. 67, 327, etc. 
}G. T. Bennett, Proc. Lond. Math. Soc., vol. 13, series 2 (1914), p. 151. 
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§ 2. Interposition Formulae. 


If a, b, p, q, ete., are three-dimensional vectors, we may, using the usual 
notation, introduce the two formulae : 


a bp*=a-pp-b-axpP- Pd,  ..rccccccreesecrecees (2-1) 
axbp*=axpp:b+a-ppxb-(axp) x(pxb). ............ (2-2) 
These formulae are regarded as “‘ Interposition Formulae ”’, which interpose 


a vector p between a and b. The proofs follow easily ; (2-1) is obtained 
directly by transposing the well-known formula : 


axp:pxb=a-pp-b-a- bp’, 
whilst (2-2) follows from (2-1), or alternatively, since, 
(abc) p=(pbc) a+(ape) b +(abp) c, 
(abc) p? =(pbe) a: p+(apce) p- b+(abp) p-c. 
Since ¢ is arbitrary it may be removed, yielding 
axbp*=a-ppxb+axpp-b-—(apb)p 
=axpp:b+a-ppxb-(axp) x(pxb). 

By their repeated use, (2-1) and (2-2) may be regarded as the basic formulae 
permitting several vectors p, q, r..., etc., to be interposed between a and b, 
thus generating series of vector formulae. It is significant that the order 
in which the interpositions are made is immaterial, provided, of course, the 
final order a, p, q, fr, ... b, is maintained. 

In many applications of (2-1) and (2-2), the interposed vector p is of unit 
length so that p?=1: it is convenient to retain the formal p? in these formulae 
to indicate the fact that p is interposed. 

An interesting method of interposition is that of interposing p and q between 


r and s, using first a vector u parallel to pxq so that p-u=q-u=0. 


Then by (2-1) T-su*=r-uu-s-rxu:uxs, 


and now interposing p between r and u, and q between u and s, by (2-1) and 
(2-2), 
r-spu*q?=[r-pp-u-rxp:pxuj[u-qq-s-—uxq-q xs] 
-[r-ppxu-(rpu) p}-[uxqq-s —(ugs) q] 
=Ixp:pxuuxqg:qxs-r-ppxu-uxqq's 
~ (rpu)(ugqs) p-q+r- p(puq)(ugs) +(rpu)(puq) q-s. ...(2-3) 
§ 3. Consider the four-piece mechanism ABCD. Let p, q,r,s be unit vectors 
along the lines of the hinges, and a, b, c, d unit vectors along the links AB, 
BC, CD, DA respectively. Each link is perpendicular to the two hinges to 
which it is attached and their lengths are a, 6, ¢, d respectively. 0, ¢, ¥, 7 
are the external angles, as shown, between consecutive links. The “ twist ” in 
a link is the angle through which the hinge at one extremity of the link would 
have to be rotated in order to be parallel to the hinge at the other extremity ; 
the twists are a, B, y, 5 respectively. (Fig. 1.) 
In this case the links form a closed quadrilateral, and hence 


rR Se eo CN (3-1) 


The problem may be stated in the form that the eight equations, four of 
type axb=psin @, and four of type pxq=bsin f, together with (3-1) must 








id 
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Fic. 1. 


be poristic. That is, sufficient restrictions must be satisfied by a, b, t, da 
and a, B, y, 5, that the equations fail to yield definite values of 0, ¢, y, r. 
Alternately, it is clear that in addition to the equation (3-1) the hinge p 
must have the same direction whether regarded as belonging to the link AB 
or to the link DA. This requires a further two conditions which, without 
loss of generality, may be stated by the two scalar interposition formulae 
indicated b 
ities y PP rep re" and, @* 8p HG Oly. ..csccscccassccseuae (3-2) 
Hence the five equations (3-1) and (3-2) must be satisfied, and by making 


restrictions in the values of @, b, é, d and a, B, y, 5, must fail to yield definite 
values of 6, ¢, % and r. 


§ 4. In three dimensions, any vector d may be expressed in terms of three 
independent vectors a, b, ¢ by the relation 


d(abc) =a(dbc) + b(adc) +c(abd). ..................08. (4-1) 


Thus there are two linear relations (3:1) and (4:1) between the four vectors 
a,b,c, d. If d were eliminated there would be a linear relation between a, b, ¢ 
implying that a, b, c are coplanar. (3-1) and (4-1) will not be independent 
provided one of the following three possibilities occurs : 

(a) a, b, c, d are coplanar; in this case the hinges are perpendicular to 

the plane ABCD and movement is clearly possible. 

(b) (3-1) is identically satisfied ; this gives G=b=t¢=d=0 and gives the 

case of the spheric-chain. 


(c) The coefficients of (3-1) and (4:1) are proportional so that these equa- 
tions are equivalent ; this gives 


(dbe) (adc) (abd) — (abe) | 
es Geer Piet tarcs we 


It is also necessary that any solution obtained should also satisfy the inter- 
position formulae (3-2) or their equivalent. 
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§ 5. Bennett’s Formula for the General Spheric-Chain. whe 
u 
whe 
Hen 
It 
1.€. 
in w 
Fie. 2. 
In the general spheric-chain the lines of the hinges are concurrent. Let 
Pp, q, r, s be unit vectors along the lines of the hinges OP, OQ, OR, OS respec- Al 
tively. The formula required expresses cos y in terms of the angles 8, a, B, @ 
and ¢, so that the result should follow by interposing p and q between r and s. X 
Using (2-3), viz.: 4.€. 
and 
r-sp'u’g?=rxp-pxuuxg:qxs-r-ppxu-uxqq:s 
whic 
~—(rpu)(uqs) p-q+r- p(pugq)(uqs) +(rpu)(puq) q-s. ...(2-3) 
where u is parallel to pxq; by the diagram, the terms may be interpreted 
as follows : and 
Ir-S=COSs y, (spu) = —sin 6 cos 6, Ne 
iio ied tale fail 
s+ p=cos 8, (uqr) = —sin £ cos ¢, prov 
pq =Ccos a, sxp-pxu= sin $sin @, 
q -r=cos f, uxq-qxr= sinBsin ¢. 
Hence, interpreting (2-3), we immediately obtain wher 
cos y =sin 6 sin @ sin f sin ¢ + cos 6 cos a cos 8 
TI 
—sin § cos 9 cos « sin B sin ¢ + cos 6 sin a sin 8 cos ¢ a 
an 
+sin 6 cos @ sin a cos £, Tt 
which is Bennett’s formula as quoted by Macmillan. 180° 
§ 6. The Skew-isogram. ¢=r 
The scalar triple products involved in (4:2) may easily be evaluated by the If 
interposition formula (2-2) which gives 
axcb*=axbb-c+a-bbxc-—(axb) x(bxec), 


1e 
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whence (acb) =(a xb) x(bxe)-b 

= ~—sin @ sin ¢ sin B, 
where 0, ¢, 8 are the angles used in § 3, and hence by cyclic permutation : 
(abc) =sin @ sin ¢ sin B; (bed) =sin ¢ sin ¢ sin y. 
(eda) =sin sin; sins; (dab) =sin 7 sin @ sin a. 


Hence by (4:2), 











singsinysiny sinysinrsind sin @sinrsina 
a y b et c 
_ _ Sin @sin ¢sin B (61) 
ee earns 
It is clear that (6-1) cannot be satisfied unless 
sny sine sin’ sin B 
Se ee eS 
i.e. GC sin BP sin &=bd sin a SiM y. .........eseeeeeeee seers (6-2) 
in which case, = 
sin@  dsiny sing  asiné (6-3) 
sin ~ a sin B ~ sin a ea . * me eeeeeeeseeneeees 
Also, the equations (3-2) hich have to be satisfied, yield 
p-rs?=p-rq® and q:sp?=q-sr°', 
te. p°ss-r—-pxs-sxr=p:qq:‘r-pxq:qxr, 
and q°PP°S-qxp-pxs=q-‘rr-s-qxr-rxs, 
which, by reference to the diagram of § 3, yield 
cos a cos § —sin « sin § cos tr =cos 8 cos y —sin B sin y cos ¢, ...... (6-4) 
and cos « cos B —sin « sin B cos §=cos y cos § -sin y sin § cos y. ...... (6-5) 


Now, if deformation is to be possible, the equations (6-3), (6:4), (6:5) must 
fail to determine definite values of 0, ¢, 4, 7, which will only be the case, 
provided 

cos « cos 8=cos B cosy; sin asin 6=sin £ sin y ; 


cos «2 cos B=cos ycos8; sin asin 8 =sin ysin 8; 


whence cos (a+) =cos (B+y) and cos («+f)=cos (y+5) which require 


Se ONE PMR cos casein shade sapninsesoneega swan’ (6-6) 
Then (6-2) reduces to DSU O OG tg bis cis ese dknvcecbestalckdees (6-6’) 
and by (6-4) and (6-5) cos P=cos 7 and COS 0 =COS Yu .....cccesecsseceeeeeees (6:7) 


There is no loss of generality if we take 0, ¢, %, r to lie between 0° and 
180°, so that by (6:3) and (6-6) « and B have opposite signs, hence @=y, 
¢=7T, 4@=C, b=d and (6-6) now reduces to @ sin B= -b sin a. 

If we replace -f, which is positive, by f’, then 

NE WER cicoyesintis vcteinestbiaeceaiaal (6-8) 
The conditions (6-6), (6-7), (6-8) are precisely those of Bennett’s skew-isogram. 






t 
4 
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§ 7. In the more general mechanism the links A’B, B’C, C’D, D’A are not 
contiguous ; let the displacements along the lines of the hinges be 7, q, 7, 8 
respectively as shown. The links, together with these displacements form a 
closed figure, hence 


Ga+bb+cct+dd+ppt+gqt7Frt+ss=0. 2... (7-1) 
r q 








Fic. 3. 


The problem is precisely that of § 3, but (3-1) is to be replaced by (7-1). 
Taking the scalar product of (7-1) with q and with s, and using the values 
of the scalar triple products of § 5, 


G@ sin @ sin 8 +d sin sin y —8 sin 8 sin a cos 0 +p cos B 


+9+7 cos y +8 cos 8B cos a=0, ...... (7-2) 
and b sin 6 sin a + sin sin § —-g sin f sin « cos 8+ cosa 
+8+7rcos8+q cos Bcosa=0. ......... (7:3) 


These equations can only fail to determine @ and ¢ provided they are 
equivalent, and hence - 
nk Esk 2S SE ae (7-4) 
bsina ©sind q 
and similar equations derived from the scalar product of (7-1) with p and r. 
These equations, include the earlier equation (5-2) and the earlier equations 
(3-2), have still to be satisfied. Hence the previous values of «, B, y, 8, 0, ¢, ,7 
constitute the possible solutions in this case, provided the lengths P q, 7,8 
satisfy equations of type (7-2), (7-3), (7-4). 
The possibilities are therefore 





(1) a, 6, ¢, d=0, spheric chain. (p, 9, 7, 8 are also =0.) 
(2) a, b, c, d are coplanar, in which case p=7 and g=8. 
(3) The skew-isogram. (Dp, q, 7, 8 are all =0.) 
This completes the possibilities when the links are not contiguous and it 





proves that no essentially new cases arise. W. R.A. 
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ON THE DETERMINATION OF THE PHASE ANGLE BETWEEN 
TWO SINUSOIDAL VARIATIONS OF EQUAL FREQUENCY 
BY MEANS OF A LISSAJOU FIGURE. 


. By Mary K. B. Harwoop anp R. G. MANLEY. 


MopDERN engineerit.g employs the use of the cathode-ray oscillograph as a 
means to solve some of its problems. A Lissajou figure produced on the 
cathode-ray tube provides a convenient method of determining the phase 
difference between two sinusoidal variations of the same frequency. The 
figure is, in general, an ellipse and this note gives the mathematical basis of 
the method of determining the phase angle in terms of the axes of the ellipse 
and of the sides of the principal circumscribing rectangle (whose sides are 
parallel to the injection axes). 


Mathematical Analysis. 
§ 1. Case (i). When the principal circumscribing rectangle is a square. 


y' Y 














eT a: 








Fia. 1. 
Let x =sin 6 \ 
y =sin (0+ ¢) 
be the parametric equations to the ellipse with respect to the injection axes 
(OX, OY). 
Then y =z cos ¢ +4/(1 -2*) sin ¢, 
y? — Wry COB p +L*=1 — COS? gi .......ccereccescerences (1) 
If x’, y’ are coordinates with respect to axes (OX’, OY’) inclined at an angle « 
to the injection axes, 
2=2' copa —y’ sin 4 : 
y=2' sina+y’ cosa 
When «=45°, i.e. when the new axes are the diagonals of the circumscribing 
square, 
2 =(e" “7 
y=(e' +y V2 






i 
} 
y 
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4 
A 

















156 THE MATHEMATICAL GAZETTE 
Substituting (2) in (1), 
bx’ +y')? - (x’ -y'2) cos $ + 4(2’ -y’)*=1 - cos" 4, 
a’? y"* Ls 
ited’ l-omg> Getiannussersseceoeeceaseubbaton (3) 


Referring to the standard equation of an ellipse, 


2.€. 








6b? 1-cos¢ 
a? 1+cos¢ 
_ 2sin?¢/2 
~ 2 cos?g/2” 
b ¢ 
yh eM In +s soo avaldnscsucccgeaneccetesettetacwaue 
whence 7 tan 9 (4) 


Equation (4) gives the ratio of the lengths of the axes of the ellipse in terms 
of the phase-angle ¢ (see §’3). 


§ 2. Case (ii).. When the ratio of the sides of the rectangle circumscribing 


the ellipse is B/A. 
Y - 








es = 














ee SSS 
Fig. 2. 
Let « be the angle between the axes of the ellipse and the injection axes, 
2AB 
then tan Qa = cechnerk ° 
x=2' cosa —y’ sin “\ (5) 
ett saa O° ers 


Substituting (5) in 
y? — Wry COB f +X* =1 —COB* gd. ........cccereccceeveees (1) 
x’? [A* sin*« -2AB cos ¢ sin a cos « + B* cos?a]} 
+y’* [A? cos? +2AB cos ¢ sin «a cos «a + B? sin*a] 
= B?(1 —cos?¢4), 








Ww! 


ok 
lir 
an 





(4) 


ng 
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b? A*P —4A*B*cos*¢ + B*Q 
a* A*Q+4A*B*cos*¢ + B*P’ 
where P =, {(A? - B*)? + 44?B? cos*¢} — A? + B?, 
Q =v {(A? - B*)? + 44?B? cos?¢} +A? — BY, 
and putting B?/A?=R?, 
bo? _/{(1 - R*)? +4? cos* $}(1 + R*) — (1 — R*)? —4R* cos? ¢ | 
a* 4/{(1 - R*)? +4R* cos? g}(1 +R?) +(1 — R*)? +4R* cos? 
The curves of a/b or b/a against ¢ for various values of R are given in the 


diagram. The quantity plotted is the ratio minor axis/major axis, as noted 
in the diagram. 


1 








R=1°0 


R=12 


R=1°4 


R=1°6 
R=1'8 
R=20 





Fie. 3. 


§ 3. In order precisely to determine the phase-angle it is necessary to 
observe the form of the Lissajou figure when ¢=0°. This will be a straight 
line through the origin of coordinates, and the forms of the figures for ¢=90° 
and ¢=180° are as shown in Fig. 4 for the two cases which may arise, 
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according to the way in which the input connections are made. By com- 
parison with these diagrams it will be possible to determine which of the two 
angles given by Fig. 3 is the appropriate one. 
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THE TEACHING COMMITTEE. 


A MEETING was held on 4th August. The principal business was connected 
with the main-school mathematical syllabus, and in particular the new 
alternative scheme of the Cambridge Local Syndicate. The following points 
were made : 


A fixed sequence is to be deprecated even if it facilitates the task of the 


examiner; but it was urged against this that the selection of theorems in 
the Cambridge syllabus, and their arrangement, actually made things easier 
for the pupil and only restricted the teacher in the area group. It was 
important to decide whether a formal exposition of geometrical arguments 
was desirable or not. If it was, it could be practised and tested by a small 
number of key-theorems such as those suggested by the Syndicate. It was 
said that certain of the theorems chosen were quite suitable and that the 
evils of sequence were reduced by the proposals. On the other hand it was 
pointed out that there were defects in the scheme. No example of a theorem 
and its converse was included, whereas the distinction was a fundamental 
one often misunderstood by pupils. Some circle-converses were thought 
to be too difficult. One member spoke of the logical training to be gained 
from geometry, but another thought strongly that this was not relevant. 
Unfavourable comment was made on the absence of any mention of “ Sym- 
metry ” in the leaflet and on the “‘ Locus ” section. The interchangeability 
of area and similarity was discussed. The trivial theorem a? +b? +c? =d? was 
thought to be out of place. The practical section was considered to be less 
suitable for girls than for boys. 

Opinions differed on the relative merits of mixed papers and subject 
papers in elementary mathematics. It was urged against the mixed papers 
that they opened the door to the evasion by candidates of one part of mathe- 
matics, e.g. geometry. One member, an examiner, thought that advantage 
was sometimes taken of this; another pointed out that this was not borne 
out at investigations of the examinations. It was urged that the schools who 
took the subject papers preferred them, but others thought that this might 
only be because they had not tried the mixed papers. 

Representatives nominated for the joint committee which is being formed 
on the initiative of the Cambridge Local Syndicate were Messrs. Daltry, 
Parkes, Robson, and Mrs. Shuttleworth. It was hoped that this would ensure 
the attendance of two of our nominees. 

A sub-committee consisting of Mrs. Williams, Prof. Neville, Drs. Lowery 
and Jenkins and Mr. Riley was appointed to prepare a memorandum on the 
training of teachers to be submitted to the McNair Committee of the Board 
of Education. 

A resolution was passed in favour of holding a General Meeting of the 
Association in the Easter Vacation of 1944 if that should prove to be possible, 
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INTEGRATING FACTORS OF ORDINARY DIFFERENTIAL 
EQUATIONS OF THE SECOND ORDER: A GEOMETRICAL 
INTERPRETATION. 


By H. Watuis CHAPMAN. 


1. A WELL-KNOWN method of integrating the simple differential equation of 
the second order 
ie a Mee COO Manes eee emer ee oe rT ee | 


consists in multiplying by an integrating factor 2y’ and integrating directly, 
when we obtain 
PM SNE sade aslons see bhcadccscsweasearesdeen 1.2 


where a is an arbitrary constant. Hence on transposing, taking the square 
root, dividing by ./(a?- y?) and integrating, we obtain 


are sin (y/ja)=ke+6....... I cis duvdiamsaenerd eos baveonten 1.3 


or ee ) mereeromerer erect 1.3a 
where 6 is an arbitrary constant. 

On the analogy of ordinary algebraic equations we should expect the multi- 
plication by 2y’ to introduce fresh solutions, which would have to be removed, 
but neither 1.3 nor 1.3a contains a factor which satisfies y’=0. Such a 
solution has, however, been removed in dividing by /(a*- y*) in passing 
from 1.2 to 1.3. 

Moreover the equation 


PE PE soc whansccdadcwnseesetececusevagesenoensl 1.4 


has a definite geometrical relation to the equation 1.3a, for it represents a 
pair of straight lines which are the envelope of the family of sine curves 
obtained by keeping a fixed in equation 1.3a and treating 6 as a variable 
parameter. 

Also, if we eliminate b between 1.3a and its derivative 


af = Git COR (Tox +-b),,...0.0rescrneccacececnecenvsaesssee 1.5 


we arrive at the intermediate integral 1.2. 
If, on the other hand, we keep b fixed in 1.3a and eliminate a between 1.3a 
and 1.5, we obtain 
y’ sin (ka +b) — ky cos (Kx +b)=0,  .cccccceecseeeeeeeees 1.6 


giving are tan (byly’)— baad, ..-scicessiccsicvecscees 1.7 


which is also an intermediate integral of 1.1 corresponding to an integrating 
factor —ky/(y’*+k*y*). This factor does not yield a family of envelopes as 
y’ does, but if we put. y=0 we get a locus such that the values of b determine 
on it discrete systems of points through each of which pass all the curves 
represented by equation 1.3 for that particular value of 6. 

The object of this paper is to generalise these results. 


2. An equation of the second order can only have an integrating factor 
when it is in the form 
BP AE et Oss ves vavenesceguacanvesexessiysnciseaiel 2.1 


where P and Q are functions of x, y and y’ ; and if ) is an integrating factor and 


Mh Re dete say vaceonkss ete eaeoeunale 2.2 
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where A is a function of z, y and y’, and a an arbitrary constant, the corre- 
sponding intermediate integral, we have 


04 ,04 0A 


\(Py” +Q)=y ay ¥ & *h’ Ge aue ecpuodadeneq cna tree 2.3 

whence EE < Seneccocesiebensnenisncanenauseien tion’ 2.4 
A OA 

AQ=y’ a + “ sioeweauestaadoaesteasevecaeapeens 2.5 

Also, if NGA vnnaeh<spncdpnboacew ehoubetaceus eneeeuetar 2.6 

is a second intermediate integral, any other intermediate integral is of the form 

SE NEE Sasicehenseadincieaneseseceenes 2.7 


for from equations 2.4 and 2.5 along with the corresponding equations derived 
from 2.6 and any third intermediate integral 


Pe Foor aie caiestacnseertcieosnstesateaiien 2.8 
we easily obtain 
BLA. BD, Ce, Ox: Of br Miciiccmtracinignenmase 2.9 
whence the required result follows. 
3. Consider the equation 
A At; te Bi: si secticewvatiisianwiinn tapenade 3.1 
and form by differentiation 9 p 
Sof 
Sot OF eto  kannasigesectgsseacesccouccsnencs 3.2 
ax 4 oy 
a*f PY wed cont 
= + 2y’ = ee PM tee Oe chacsaatecceetessewes 3.3 
Ox? y azdy* * he oy 


Then if we solve 3.1 and 3.2 for a and b, and substitute the results, which 
we will call A and B, in 3.3 we shall obtain an equation of the form 


PA OA, s cccconenirtieaaninaens eusnetohaet 2.1 


so that the most general equation with an integrating factor having 3.1 for 
its most general integral will be of the form 


REPPIN Se MNEO vocscssncalectonsnabansactentscseKneaas 3.4 

4. Let § denote an operation consisting in differentiating with respect to 

z, y, y’, a and b as independent variables, and then substituting functions 
A and B, defined as above, for a and 6b respectively. Then we have 


Fs iM TEE, seve eve reweavicencdanrcotearvesarees 4.1 
ae bf _ 
= +y’. a bh ashacesecdsun dduiete tect omnes 4,2 


and on differentiating these with respect to z, y and y’ we obtain 


bf 8f 0A bf OB 


te’ Se iar oi = WME Sarcxsnchecaraeebbencwateciexs 4.3 
as of. 0A bf. OB -0, As 
Sy * Ba Dy TBE dy Oe eee eeeetteeeceeeee : 

8f 0A 8f OB 

BO siascsekscncibvecumneerataecen 4.5 


ba Oy’ T 56 dy’ 
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ps Gs SE Pe Shy @B _ 4.6 
bat Y Sx dy" \da y ZS ” Soy a oneal ‘ 
va Ls a Cn ee 
da dy Sy? a Y 5a by) Oy YS 8y/ dy Le ‘shaitowane ; 
8S, (BS yy BLO, (BS yy BL) 9B _o es 
by Sata’ Y 3a by Oy’ 3b ax Y 3b sy ay’ py eseceesss y 


Multiplying 4.4 and 4.5 by y’ and y” respectively, adding to 4.3 and making 
use of 4.2, we obtain 





OF (24 gy 2h p28 PB y BB ye MB) isan 
Ox 
Multiplying 4.7 and 4.8 a y’ and y” entities and oa to 4.6, 
af eS 
oat 2" a by? ty" by 
0A Se $4) ( ae y ef 
+(s—+y — = 
Ox Sasa Sa 3a dy 
2 it “) ( a ee) 
i az zs y's Sb. sat = . sxeaas 4.10 


Now 4.9 and 4.10 give 
a _04, 04, ,0A 








See gee ecnaaumbkdene deeae teaneseeksooeeneaeoniad 4.11 
a +y’ ay +y’ ay’ 
‘af BF oy BF 4 yn df of) 
$2? seed — ne by? + ‘by 
an Tem J) °F Axe , &F 
x 5b Sa" ve oy *Y Sa dy 
which we will write 
_dA_ bf Py’”+Q 
ee: a éMiushnaatareeutagetmaaeen 4.lla 
unless OF A ccdssankwcaeaaoiacseuieaseaawans 4.12 


so that — os / G is an integrating factor of the equation 2.1, and the same 


expression divided by some factor y» is an integrating factor of the most 
general equation of the second order satisfied by 3.1 when this equation is 
put in the form 3.4. 

For our present purposes we will neglect the factor » and suppose the 
equation to be in the form derived directly from 3.3. 

The corresponding intermediate integral is 


WME Wescevisehaweccsccutnaverevesenianen 2.5 


We can interchange a and b and obtain a second integrating factor with a 
corresponding intermediate integral 
PROBES sch vanheeeapansineet neater useuecttt 2.7 


and we see from § 2 that any other intermediate integral will be of the form 
PEA BBR. crnsccrcrsessscccctscscecevesesssesenes 2.6 
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The corresponding integrating factor will be 
3(¢, f). fof a , f iy) ve S*f \ 
~ (a, 6)” 8a +9" sa by 


3(¢, f) 
or 5(a, ia 








5. We will now consider the geometrical interpretation of the expressions 
occurring in the last section. In the first place our original equation 


FO ee HO aida sb ccacbaccticrnceccencctncsdseareeeees a 
represents a doubly-infinite family of curves in a plane. Then, if 
iG BNEW > Sigs oss ccpcscacseunaetsecoscesyccoised 5.1 


where k is a variable parameter, this equation will for each value of k pick 
out from among the curves represented by 3.1 a singly-infinite family. If 
we consider a curve given by these equations and passing through a point 
P(x, y) and if the slope of the curve at this point is y’, we have 


Ley od / Of _ 9, eee e eee eeeeeeeereeeseseseseseeresees 3.2 


and if the parameters of a curve of the system passing through a neighbouring 
point P’(x+ da, y+ dy) are a+éa, 6+5b, k+5k, we have 





Me a5 an Rc whdasceitiecwminal 5.2 

aaty ‘Eh aie miytl Ga) outs +] ry 
(ZZ + +y ‘phe) a+ ty Laan aia ier clarer 5.3 
2. t  5a+ 24 55 = Ms th ctshccatdaa coiphespaceonanentiavs 5.4 


Whence, ae 5a and 5b, we have 
F a0+$ ay”) { (sede dads) 36 - (Sod aes) seh 
y PL) 505 (OL sy 22) oy 4A ay) HD 





cat Y G2 dy Ox . Y oy) 4 dy d(a, 6) 
_ s fOs ! nat wa eee.» we. 
5k + \3a (e+ ant Y a ay 35 of (oe +y Y 5b dy }= Rediincies 5.5 
Now if P’ is on the original curve, we have 
of of 
aa bz + - ay DME” desipeiscretasarnciccesecescesaen 5.6 
Whence if Cs FH IG: he iiietcscimemeenl 5.7 
we shall have from 5.5 SNM po ruk accord svstesodenpebabenedusesourwee 5.8 


or Of( OF. wf af. af 5 
r da \oxz =a Y by ab Ox aa” v a5) ee Sadanactesseoen 5.9 
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If we substitute for a and 6 as before, equations 5.7 and 5.9 become 


Ok PR TR oi ec siceeiateetnes 5.7 
and : PGE ction neccuge duane eovked ieaaenanen 5.9a 


If 5.8 is satisfied both the.curves will belong to a singly-infinite family 
selected by 5.1, and 5.7a is an equation connecting the coordinates and slope 
of the locus of the intersections of consecutive curves so suggested ; also it 
does not contain k, so it is satisfied for any such family of curves. That is, 
it is the differential equation satisfied by the envelope of the family of curves 
obtained by giving any particular value to k in equation 5.1. 

There are, however, two points to be noticed ; 8(¢, f)/5(a, 6) may contain 
factors other than that constituting the differential equation to the envelopes, 
which factors may or may not contain y’, and also it may not contain y’. 
These cases will be to some extent illustrated in the examples, and I hope 
to deal with them more fully in another paper, but the following points may 
be noted here. 

(a) On eliminating a and b between 2.1 and df/da and 0f/db we obtain a 
locus, the ‘‘ particular envelope ” for which 8(¢, f)/5(a, 6) vanishes, but as 
G also vanishes, the expression for this locus cancels and does not appear in 
the integrating factor. 


(b) At a double point df /dx and df /dy both vanish, and when P’ is on the 


original curve - 

o*f . af of a 

agi (82) +2 On ao ayi °Y) =0, 
and, as y’=$8y/iz, we obtain, from 5.2 and 5.3, G=0, and from 5.2 and 
5.4, 8(¢, f)/8(a,6)=0 when k=0, so that the locus of the double points 
will also cancel. 

(c) It may happen that for each value of a all the curves selected by 
equation 5.1 pass through the same point or set of points. In this case the 
locus of these points for different values of a is a curve the equation to which 
is given by a factor of 8(¢, f)/5(a, 6). Such a factor will as a rule not cause 
G to vanish, and will appear in the integrating factor. 


6. Example 1. 
Let 


Ft i A 8 a OB DW vec nccccnecassncstseseisoseed 6.1 

where uw and v are functions of z only. 
We have OE Fh IPED sv siceninccidvicesndcamcnseveacesunnee 6.2 
BO AE SIN MONS onnc ce vasdancetusdecsenacereuecasnes 6.3 
whence Ah en Cee’ = of DQ = t6'R) 5 cevscraccscvecsasspassccocsaes 6.4 
Bax (ye = yee’ ee? = Wo isc ais cai ces 6.5 











Py” +Q=|y, & 
«= [tw SOUL. > atesauenaacansert 6.6 
y”, u’, v” 
y a @ 
dA /dx= — v(uv’ - vo ay ROE, aavetennennie 6.7 
—. ta 
PE 5 i. neiisecassisdhoocseacsnens 6.8 
If BGO) OO OF. oiicsicccvaccceresusaeycdtuaces 6.9 


we find that 
8(f, $)/8(a, 6) = -2y’(ut+v) -— y(uu’+vv’)/(uv’—wu’v). ......6.10 
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It is easily verified that equation 4.lla holds and the family of envelopes 
is given by 


y2=k(u2+0%).  ..ceeeeees Siocsecoadaacl 6.11 
If ES RE RM a 6.12 
then Bie I OB ss 6 in cowes secnetsecccsetvewecnccoee 6.13 


In this case there is no envelope ; it falls within § 5 (c), all the curves of the 
family passing through the points given by y=0, ku+v=0. 

These results can easily be verified for the case given in the opening section, 
for which u=sin 2, v=cos 2. 


7. Example 2. 
Let FS (2 Y, &, Bb) =a* + y? + 2aw+ WY, ....cccecccceccecs vy 
giving the equation to any circle through the origin. We obtain 
Py” +Q=2{1 + y’? — (x? + y*) y'"}/2 (ry! — YY), cerccsecceccceees 7.2 
A= {(y* — x) y’ + Qay}/2(wy’ — YY), ..ccccccceceescccccccoes 73 
B= (y* — z® — Qayy’) |Z (wy’ — yf), -.ccccsccecccccsccccecscocee 7.4 
GA fd = (Py + QYASY — WY)». -cacc.ceccccccccscesccteccceseses 7.5 
GB [dae = — 2 ys’ + Qe =) 003 vaiceccsceseenswccssecesene 7.6 
EAR, gelesen sila tbdivcssoneracanieibcenniite 7.7 


The integrating factors y/2(ry’ - y) and — x/2(xy’ — y) fall under § 5 (c), for if 
a is constant the circles all pass through the point ( — 2a, 0), and similarly for 6. 
Another such case is given by 
OS ON ONIN cnsnacdivognsvaseciearonesenntes 7.8 
This gives 3( fb) /8 (a, 0) = — (e* +o? — ZEN) B.. ..ccccccccccssvocccesers 7.9 
For any value of k all the circles pass through the same point, and the locus 
of these points is the circle 
a BO HO, oop sicnccsacccccscescbesteasecssseve 7.10 
Another instance is given by 
BA, 0) = PG QO*. cc rcecsccscssscecsdscesesccoocans ve 
In this case 
5(f, ¢)/3(a, 6) = -— x[{(2p - g)y* + gx*} + yy’ {(2q — p)a* + py*}]/(zy’ — y) .-.7.12 
corresponding to an envelope 
pq (x? + y?)? = 4k (qu? + py”). ...cccccececcceeees pene 7.13 


This represents a quartic curve with a double point at the origin. If p and q 
have the same sign this is a conjugate point. For p=q this curve degenerates 
into a circle and the conjugate point, and 


5(f, 6)/8(a, b) = (x* + y?) (w+ yy’) (LY — Y), veneeceeeeeeecees 7.14 
where the factor x?+y? corresponds to the origin and the factor x+yy’ to 
the circle which is the envelope of all circles of the same radius passing through 
the origin. 

8. To sum up: 


If from an equation FOB Oe Oi WM osc cnncancecsdepparensyiovenesvecess 3.1 
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connecting two coordinates x, y and two parameters a, b, we form a differentia 
‘equation of the second order. by solving equation 3.1 and its first derivative 
with respect to x for a and 6, and put the results A and B in the second 
derivative, then any equation 

WCAG B® alse waste cteuevaswuaveneseceetoeest 2.7 


will be an intermediate integral of this equation, and all such intermediate 
integrals can be thus expressed. To each intermediate integral will.correspond 
an integrating factor which will vanish with : 

(a) an expression which, equated to zero, gives the differential equation 
to the family of curves which are the envelopes of the different families of 
curves selected from those represented by equation 3.1 by giving different 
values to & in 


Ria Mieihs -cnhsiorcngaeieandenl 5.1 


(6) an expression which, equated to zero, gives the locus of points through 
each of which pass all the curves selected by equation 5.1 for a corresponding 
value of k. H. W. C. 








GLEANINGS FAR AND NEAR. 


1482. The author, Carl Friedrich Gauss (1777-1855), was director of the 
Géttingen observatory, and is also remembered for his calculations of the 
elements of the newly discovered planet Ceres.—From a Bookseller’s cata- 
logue, 1942. [Per Prof. E. H. Neville.] 


1438. Hitler won the next round with his magnetic and acoustic mines. 
Goebbels shouted the triumph across the world. Britain was done for. Sur- 
render after starvation was a matter of weeks. Our best friends were beginning 
to think that this was so. Yet within four weeks this German triumph was 
nullified. Though operating details may still not be discussed, only now the 
name of our “‘ back room boy ”’, who was largely instrumental in finding the 
answer to the mines so quickly, is generally known. He is a young man 
called De Gausse, a mystery man still. Some American reports insist that 
he is a refugee scientist who escaped from Nazi brutality only a year before 
the war.—Extract from an article entitled ‘‘ ‘ Back-room ’ boys keeps allies 
in front’, by Hugh Morrison, in The People’s Journal, December 26, 1942. 
{Per Dr. John Todd.] 


1434. Prose is the language of exact thinking; it was made for the purpose ; 
and I suppose that a proposition in Euclid is an elementary example of good 
style, though in an absolutely non-creative kind.—J. Middleton Murry, The Problem 
of Style, p. 58. [Per Mr. A. F. Mackenzie. ] 


1435. After all, you may feel that “‘ the precise communication. of emotion and 
thought ” is really a simple matter. For some obscure reason, it sounds simple ; 
and perhaps in the case of pure thought it is not so difficult. I suppose that Euclid, 
once he had conceived the forty-seventh proposition of the first book, found it easy 
enough to write out. The difficulty lay in conceiving the thing at all_—J. Middleton 
Murry, The Problem of Style, p. 72. [Per Mr. A. F. Mackenzie.] 


1436. The ideal woman for me is one who loves her cosmetics along with her 
mathematics, and who is more feminine than feminist. Let them have their cos- 
metics, and if they still have energy left, as Confucius would say, let them play with 
mathematics also.—Liu Yutang, 7'he Importance of Living, p. 181. [Per Mr. D. 
J. Finney. ] 
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THE MATHEMATICAL GAZETTE 


THE INFLUENCE OF IRISH MATHEMATICIANS ON 
MODERN THEORETICAL PHYSICS. 


By Rev. J. RIvERSDALE COLTHURST. 


By a curious chronological coincidence, the tercentenary of Newton’s birth 
in 1642 is succeeded by the centenary of another outstanding event in the 
history of mathematics ; the discovery of Quaternions in 1843 by Sir W. R. 
Hamilton. It seems a suitable occasion for drawing attention to the extent 
to which conceptions due to Irish mathematicians of that epoch are inter- 
woven into the technique employed in recent developments in mathematical 
physics. 

Hamilton’s own great achievements in laying new foundations for geo- 
metrical optics and generalized dynamics, and his revolutionary concept of 
non-commutative multiplication, are. too well known to require further 
mention ; but it may be of interest to trace the fruits of his genius in other 
directions, possibly less widely appreciated. 

It was on the 16th October, 1843, that Hamilton inaugurated non-com- 
mutative algebra, when he inscribed his quaternionic formulae, 

e@=7?=k*= -I, ijk =-l 

on @ canal bridge near Dublin ; a historic spot recently visited by the writer 
in the company of Mr. De Valera, who is an enthusiastic admirer of Hamilton 
and his work. Professor Dirac and Sir Arthur Eddington were also present. 
Now the recent brilliant advances made by these two renowned mathe- 
maticians in Relativity Quantum Theory are based on the use of Pauli-Dirac 
matrices and g-numbers as regards the former, and of Z-number operators 
in the case of the latter. 


v 











It is proposed to demonstrate the dependence of both the Pauli-Dirac 
matrices and the E-numbers on a double set of quaternion operators. With 
this purpose in view, consider the vector a+be, in the ordinary Argand 
diagram, where « is used to denote 4/( — 1), to avoid confusion with Hamilton’s 
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symbol 7. If in the accompanying diagram, OX, OY be the axes, OA the 
bisector of 2XOY, and OP the vector a+be, then the remaining vectors 
forming the ‘‘ Maltese Cross ’’ are derived from OP by successive reflections 
in OX and OA. If these operations be called X and A, we have X*=A?*=1, 
XA+AX; while matrix expressions for the eight operators corresponding 
to the different positions of the vector are given by 











+1 eb en: Sa 
: +1 | | +1 ‘tas 
the dots standing for zeros. Now we have 
° 1 A 1 Aiae: nt 
| 1. | 


and so yee ‘ 
1 


Multiplying X and A by e, so as to make the squares of all three equal to - 1, 
we get the three matrices 


le 


‘i | Ph, ig eres | . 

2 a ee ee, 
But these are the so-called Pauli spin matrices ; though in fact they were 
first promulgated by Sylvester some sixty years ago (Math. Papers, III, p. 647; 
IV, p. 122) and declared by him to be ‘‘a linear transformation of the 
ordinary quaternion system (Hamilton’s 7, j,k), if construed as complex 
numbers ”’ 

We now proceed to derive, by ‘“ outer”’’ multiplication, from the real 
matrices denoted by X, A and XA, the system of real 4-point matrices : 


| : tye So eae ee ie ‘ : - ae 
1 ‘ : ; inst ‘ -1 ‘ : 1 








~<¢ 


=f .% ae ‘ ; 1 
Calling re a’, 7’, k’, they satisfy the conditions 
et=g*t k= = 1, 47k =1; 
and so represent a set of left-handed quaternion operators ; i, j, k being a 
right-handed set and expressible as the matrices 
Ree. ey Sg ee eeu a is hy Pt ree -1 
: aaa ee ahs ; ‘ 3c cas ae 
os ee 1 : ‘ A oe 
| ec ree Ey 1 
It is convenient to adopt a notation due to Mr. J. D. Persone for such 
matrices, and write the former three as 
2143, 3412, 


4 
and the latter as 2143, 3412, 4 


321, 
321 
where underlining indicates the negative sign. 

[In this notation the symbolic multiplication of these matrices is effected 


very simply : for example, 
2143 x 3412 = 4321; 






i 
















{ 
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where the product is obtained by writing down in succession the second, first, 
fourth and third symbol of the multiplicand, due attention being paid to sign.]} 

The numbers of each of these two sets anti-commute with each other and 
commute with the members of the other set, as is easily verified. Now ‘form 
the following tableau, for which again I am indebted to Mr. Parsons : 


1 * i, 4s k, 
‘, %', is ki’, 
Pe Be ie 


Kk’, tk’, jk’, kk’. 


Since i’Q=Qi, if Q be a general quaternion, this array is essentially equiva- 
lent to that given by Professor Conway in Proc. Royal Society, 1937. 

From the above array we can pick out six anti-commuting pentads, such 
as i,j, ki’ kj’, kk’; fifteen commuting triads, six such as w’, 77’, kk’ or 7’, 
kj’, ik’; and nine such as i, ii’, i’. There are also conjugate triads, such 
as ijk and 7’j’k’.. Each operator commutes with 8 others, including itself, and 
anti-commutes with the remaining eight; and these properties are pre- 
cisely those signalizing Eddington’s set of 16 H-number operators, to be 
found in his Relativity Theory of Electrons and Protons. Eddington builds 
these up from two sets of what he calls S and D operators ; where in the 
above notation 


S, = 2143, D, = 1234, 
S, = 3412, D, = 1234, 
S; = 4321, D,; = 1234. 


In Dirac’s treatment of the relativistic wave equation of the electron 
(Quantum Mechanics, 2nd edition) he employs a set of mutually anti-com- 
muting operators a, (u=2z, y, z or m). These again are built up from two 
sets of p anda operators, where in our notation 


Oo, = 2143, Ar = 3412, 

o, =e.2143, ps =e.341 2, 

o, = 1234, ps = 1234, ’ 
so that Og =PiF gr Sy =Piy, %,=pitz, ANd ap, =pz; 
also eo, =... =p,?=... =1. 


Rewriting our tableau in the form 


1234 2143, 3412, 4321, 
2143, 1234 4821 34123 
3412, 43231, 41284 2143 
4321, 3412 143, 123y, 


it will be seen at once that, apart from a factor e or - 1, every 4-point matrix 
employed by Dirac and Eddington in forging their tools for pursuing the 
most recondite investigations in mathematical physics can be identified 
with some quaternionic operator in the above tableau ; the algebra of the 
E-numbers being in fact the square of the quaternion algebra. 

Eddington points out that a similar set of 16 operators occurs in connection 
with Kummer’s Quartic Surface, and also as representing rotations in the 
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fifteen coordinate planes of a six-dimensional frame of reference. Our notation 
exhibits the close connection with the group of operations on 4 letters A, B, 
C, D given by Eddington in New Pathways in Science. 

But Hamilton was not the only Irish mathematician of note in those days. 
His great friend, Dr. Charles Graves, F.T.C.D., Professor of Mathematics in 
Dublin University, afterwards Bishop of Limerick, introduced a notable 
system of non-commutative operators to the notice of the R.I. Academy in 
June 1854. He assumed two operators, 7 and p, connected by the equation 


pu — mp =a, 


where « is a distributive operator, commutative . ‘th a and p; or, in par- 
ticular, a constant. 
If we take a=1, then from pr=ap+1 we get 


pm? =m"p +27. 
and so on ; while operating with 7~(__)z~! on pr=zp+l1, we get 


—1 — 


pw t=21p - 7-3, 
and so on ; whence, if 4(7) be a function of integral powers of z, 


ps (7) =h(m)p +(x). 


Proceeding further we obtain the general equations 
1 
b(p) (ar) — (=m) 4 (p) =H (a) $ (p) +H” (md (p) + --- 5 
1 
(m)$(p) ~ (p)(m) = - (po) (m) +75 8" (0) () ~ 


In a letter to the writer, Dr. Erwin Schrédinger expresses himself as follows : 
“Your discovery (i.e. of Graves’ operators) seems to me to be of the greatest 
interest as a contribution to the history of physics—or more generally speaking, 
of the human mind. .. . What strikes me specially, and interests me much, 
is that the general aspect px -7p=1 has been envisaged by an Irish mathe- 
matician without any physical problem urging him to do so; and that as a 
mere formal plaything, he has deduced from it such fundamental relations as 


pi (7) — (2) p =p’ (x), 
a$(p) -¢(p)7= —$'(p), 


which were the hinges of Heisenberg-Born’s early developments of the theory.” 

It will moreover be seen that the latter formula corresponds with Dirac’s 
equation f2,-—7,f= —Of/6qg,; while pr-—mp=a foreshadows the relation 
qp - pq =constant, or another operator. According to Sir James Jeans in his 
latest book on Physics and Philosophy, the very essence of the new Quantum 
Theory lies in the employment of such symbols as p and q, where pq is not 
equal to gp; their difference in one case being equal to Planck’s constant h 
multiplied by a numerical multiplier (p. 157). 

Further results of interest are given by Graves. In the fundamental relation 
between 7 and p, and in any formula derived from it, we may substitute p 
for 7 and at the same time -7 for p. Also since p is distributive, 


pin +f (p)}={r+flp)}p +1; 


and therefore in any formula we may put 2+/(p) in place of 7; and similarly 
p+f(m) in place of p. 
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Again, operating on py(7)=y(7)p +1 with {p’(7)}-? we get 
{yh’ (7) }“* ppb (7)} =f (77) (P' (wz) } pp +1, 


since functions of 7 mutually commute ; and so the simultaneous substitution 
of %(7) for 7 and {’(7)}~!p for p is permissible in any formula; and so 
with the substitution ¢(p) for p and {¢’(p)}~'z for =. 

Since Dx-xD=1, where D=d/dx, we may apply such substitutions; 
and putting s(x) for x and {’(x)}—'D for D in this formula we get the ordinary 
formula for the change of the independent variable: the other substitution 
gives what Graves regards as a new result. Other relations are 


Sip +o’ (m)} =e-¥™ f (py e¥™), 
Sin +4’ (p)} =e%®) f(a) e-40). 
So, in particular, eP(D) f (2)e-4D) = f(x +4’ (D)}, 


and the operation on 1 by both sides gives an extension of Taylor’s theorem. 

Enough has perhaps been set out to justify the title of this paper, and to 
bring to light some almost uncanny anticipations by Hamilton and Graves 
of mathematical conceptions of supreme importance in the brilliant researches 
of modern mathematical physicists. But one final instance seems to deserve 
even a necessarily brief reference. 

A very short paper by Hamilton appears in the Philosophical Magazine in 
1856 entitled “‘ A New System, or Systems, of Non-Commutative Roots of 
Unity *’, which was also read in substance to the British Association in that 
year. In that fascinating work, Mathematical Recreations, by Rouse Ball and 
Coxeter, the credit is assigned to this paper of having “laid the foundation 
of an important branch of mathematics, the theory of Abstract Groups ”’. 
In it appeared for the first time the generating operators of the abstract 
Icosahedral Group, as given by their relations 


AS =e2 =(cA)P = 1s Ac#eA. 


The “ Icosian Calculus ”’, as it is termed by Hamilton, dealing with these 
symbols, is almost unknown ; and it may perhaps be deemed worthy of some 
future elucidation in the pages of the Gazette. 

It may be fitting to conclude with a remark made by Hamilton himself ; 
that, when he was a child mathematics used to be called French mathematics, 
but that the world would have to learn Irish Mathematics soon. 

- J. BR. C. 


CAREERS FOR GIRLS. 


A GIRL is about to leave school and is not intending to go to a university. She 
has always been interested in mathematics and has done quite well in that 
subject while at school. Are there any jobs available in which she will find 
her knowledge of mathematics an advantage? 

Members of the Association must frequently have been asked this question, 
and while war-time conditions have perhaps decreased its importance, when 
the war is over we shall again be expected to provide an answer. The Execu- 
tive Committee would be most grateful for any relevant information, and 
members who can make suggestions are urged to write to Mrs. E. M. Williams, 
17 Belgrave Square, Nottingham. It is hoped that in this way a, list of ideas 
can be compiled for publication in the Gazette. 
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TOO MUCH ALGEBRA. 
By K. S. SNELL. 


MatTuHeEmatics has for so long had an honoured place in the curriculum that 
teachers have expanded the essentials of elementary algebra, and have brought 
in excessive manipulation, without considering its value or whether it is 
needed. They have lost sight of the objects of their teaching and have allowed 
manipulation, of a type comparable to a difficult cross-word puzzle, td creep in. 

This may satisfy the puzzle instinct of a few of the more intelligent pupils but 
certainly causes much heart-burning to the average pupil with little distinctive 
mathematical ability. We should, then, from time to time review the objects 
of our teaching, and not only our methods, and then examine the contents of 
the curriculum and discard those parts which are unnecessary, and replace by 
mathematics which is more value. 

Among the objects of algebra teaching I can discern three which may serve 
as a guide to what we should teach. (i) Every citizen should be familiar with 
algebraic notation so that he can use a formula. This includes substitution in 
a formula, simplification, and solving equations that may arise. This, then, is 
the utilitarian motive in teaching algebra. (ii) Algebra provides the idea of 
generalisation from the particular number to the general variable. Rules such 
as 2™ xa"%=2™+t" crystallise in one statement many particular cases, such as 
78 x 72=75, and pupils should see the value of summing up results in concise 
algebraic form. This becomes more educational if such ability is consciously 
transferred to life in general—to the desirability of generalising from observed 
special cases. (iii) Since algebra is a necessary tool for the mathematician, and 
hence for anyone who wishes to pursue further a course in mathematics or 
technical subjects, there are certain parts of elementary algebra which are 
necessary for such students but can be omitted by others. This third object 
in teaching algebra suggests additional work for a limited number of pupils. 

It is interesting to note that examinations need not be a hindrance to a 
reform in the mathematical syllabus. All School Certificate examinations 
have Additional Mathematics as a subject as well as Elementary. Thus those 
parts of the syllabus which are needed only for future mathematicians can be 
relegated to the additional papers. It is a help in organisation if within a block 
mathematical divisions can be formed, as distinct from forms for other 
subjects. If this is done the higher divisions will get through the elementary 
work more quickly than the lower divisions and thus will have time for the 
extra work. 

Let us now consider the algebra syllabus which is at present in use in schools. 
The first part involves generalisation, introduction of simple formulae and 
notation, simple and simultaneous equations, with applications to problems. 
This leads to factorisation, manipulation of fractions and harder equations, 
and it is in this group that, in my opinion, teachers and exar.iners have over- 
run themselves and have introduced much that is unnecessary and irksome. 

In factorisation the only types which are of use to all pupils are common 
factors, simple trinomials, and the difference of two squares. The first 
emphasis should be on the use of factors in simplifying arithmetical expressions 
such as 27. 56-27.49 and 25-1?- 24-6*. Examples such as these should 
occur with purely algebraic examples, so as to help pupils to realise the value 
of factorisation. The second use to which factorisation can be put is the 
solution of equations of degree higher than one. This uses common factors 
and trinomials with easy numbers and serves as an introduction to an import- 
ant idea in the solution of equations. Factors of these three types can be 
taught reasonably easily to all pupils. In addition to this, future mathemati- 
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cians can well be taught the use of the remainder theorem for factorisation, 
and linked with this the method of testing for the solution of equations of 
higher degree by the substitution of likely numbers. The types of factors 
which at present take up most of the teaching time and which lead nowhere 
and so should be omitted are : 


a*+ab+ac+be, a?+2ab+b?-c*, a?+b'. 


I have here given the types in their simplest forms. These, in more compli- 
cated forms, with the orders of terms and signs muddled, lead'the ordinary 
pupils into a realm of bewilderment from which some never recover full con- 
fidence. Pupils with ability may enjoy these, as also examples like 27? — x — 602, 
as puzzles, but their time can be far better spent on further mathematics. 
These types do not occur as far as I am aware either in technical or in higher 
pure mathematics. 

Addition and subtraction of fractions involve working with denominators 
of three types—numerical, factors with single terms, or factors involving two 
or more terms. The first two types are natural extensions from arithmetical 
fractions and hence form an essential part of a course. The third type, 
especially when made more difficult by confusion of sign, between such factors 
as a— b and b~a, are not essential except for those who will some day need the 
opposite process, that of splitting into partial fractions. 

Concerning quadratic equations, I have already said that the method of 
solution by factors is educational, though in practice it is rare that it can be 
applied, since numbers do not chose themselves conveniently enough. Hence 
our pupils must be taught to go through the process of completing the square, 
or else must learn and use the formula. I am now of the opinion that the latter 
is the correct procedure with most pupils. Ifa correct use of formulae is one of 
the aims of an algebra course, then here is an opportunity to instil that idea. 
The need for absolute accuracy can be insisted upon, and a pupil will readily 
realise that a slip in quoting the formula will make all his subsequent work 
useless. For the method of completing the square it is argued that a pupil is 
working from first principles and can check his work at each step. In actual 
fact the majority learn the different steps by rote, and do not check their work. 
Further, there are so many pitfalls that the likelihood of arriving at a correct 
result is smaller than in the case of those who use the formula. I believe 
examiners would bear me out in this statement. (I am here rather departing 
from content of syllabus and discussing method, about which teachers love to 
wrangle.) The method of completing the square I should restrict, as an extra, 
to those who need further mathematics. With them I would consider the 
variation of a quadratic function, its sign, and its maximum or minimum value. 
In this way I would show that the process has a further value beyond the solu- 
tion of equations. Such pupils will be more fully prepared to use the process 
subsequently, say in the integration of ./(x? + 4x” +7), and others will not have 
spent weary hours on a process which they do not appreciate. 

Graphical work is an essential part of the algebra course. A first introduc- 
tion to graphs is part of the arithmetic course, the graphing of Statistics. This 
can lead on to the graphs of continuous functions. The pupil should learn by 
experience that a linear function has a straight-line graph, and the better pupils 
can learn the opposite process of finding the linear function which a given 
straight line represents. All pupils can learn to read from graphs such results as 
when a function is increasing, and when it has maximum and minimum values, 
thus helping them towards functional thinking. In addition they should learn 
that a graphical method can be used to find approximate solutions to any 
equation. If a boy is to realise this fully he should first apply the method to 
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an equation which he could not solve otherwise, such as a cubic, or even 
one involving a trigonometric function, rather than to a linear or quadratic 
equation. 

To sum up, an algebra course for all pupils should contain only simple 
manipulation, and should include, not necessarily in this order, the use of 
algebraic notation, formulae, simple factors and fractions, the solution of 
simple and simultaneous equations, quadratic equations by factorisation and 
by formulae, and graphical work. Work involving harder types of factors and 
fractions should be omitted, and all heavy manipulation. 

Such a course would probably not justify the inclusion of algebra as a 
separate subject in an examination of School Certificate standard, and hence it 
would fall into its place as part of general mathematical papers, as at present 
in the Oxford and Cambridge Joint Board examinations. 

It remains to indicate briefly what work could replace those parts of the 
syllabus which have been omitted. In algebra itself I would like to see all 
pupils do some work on variation, and numerical trigonometry of the right- 
angled triangle, including applications to such problems as lengths on the 
Earth’s surface should certainly be done by all. To boys I would introduce the 
elements of Mechanics as a mathematical subject, aided by experiment where 
necessary. To deal with these matters fully would require a further article. 

t B..8.:8. 


Notre spy A. W. Sippons. 


I have seen Mr. Snell’s article printed above. I am in hearty agreement with 
most of what he says, and I should like to add some notes to it. 

In the early days of this century mere manipulation played far too large a 
part in the algebra taught to ordinary pupils in our schools. In 1911 the 
Mathematical Association Teaching Committee published a report on “‘ The 
Teaching of Algebra and Numerical Trigonometry ”’, much of which is worthy 
of consideration to-day. Let me quote extracts from it. 


“The principal valid reasons for the teaching of élementary algebra we 
conceive to be as follows:... 

“ Algebra is pre-eminently suited to provide training in clear thinking by 
the practice it affords in arrangement of ideas, especially in connection with 
the solution of problems by equations. 

“ Algebra, well taught, helps to acquaint the pupil with the process of 
generalisation, and to beget a clear consciousness of conditions under which the 
process may or may not be valid.... Accurate generalisation is among the 
essential characteristics of educated thought. 

‘“* Algebra leads to a more mature and fruitful way of looking at quantity 
than that given by arithmetic. It introduces the idea of quantity changing 
continuously, and of the functional dependence of one changing quantity upon 
another, these ideas being brought out by the study of variation, and illustrated 
by graphical representation. 

“‘ Assuming that some study of physics is to be part of a general education, 
an elementary knowledge of algebra is necessary. This mainly involves the 
understanding, construction and application of formulae; variation; and 
simple equations in one unknown.” 


When considering what degree of manipulative skill may reasonably be 
demanded of ordinary pupils, the report says : 
_ “In general education, technical skill in algebraic manipulation is not in 
itself an ultimate aim. Nevertheless it is fatally easy for the teacher to drift 
into making this the principal aim of his teaching; and the pressure of 
examination has urged in the same direction. ... 
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“* A boy should not be required to possess more manipulative skill than will 
enable him to deal with such parts of the subject as ought to form part of a 
liberal education ; in other words, manipulative processes should be developed, 
in the elementary course, just so far as they are really subsidiary to the aims of 
that course and no further—not as mere curious exercises.” 

The report then expresses its views on some of the essential and non-essential 
parts of a general elementary course. 

““ Many exercises in elementary algebra arise as immediate extensions of 
arithmetic. ... 

** Generalisation and symbolical expression of simple arithmetical rules. 
Such are : ; xe => in pure arithmetic ; and formulae expressing the relations 
of certain concrete quantities that form the basis of a good many arithmetical 
problems, e.g. A =lb for the area of the floor of aroom, A =2(/ +6)h for the area 
of the walls, s= vt for uniform motion, etc. All such generalisation of numerical 
processes is exceedingly valuable, and should hold an important place in an 
elementary course.” 

‘Many of the usual exercises on literal equations might well be replaced by 
exercises in changing the ‘‘ subject ” of a formula: e.g. ‘‘ If V =2r*h, express r 
in terms of V andh.”’ Especially valuable does such an exercise become when 
it is applied to concrete examples, as, for instance, finding the diameter of a 
measuring cylinder by the formula cited above. 

“* The use of equations to solve problems has been the mainstay of algebra from 
the time of Ahmes till comparatively modern times ; contemporary algebra 
is concerned with very different interests, but, if historical development is a 
sound guide in educational matters, the problem and the equation must retain 
an important position in elementary teaching. The degeneracy of the modern 
problem is a recent effect of undue formalism in education ; but there is hope 
that the return to concrete subject-matter, and the combination of theory with 
practical measurement, may have the effect of rescuing the equation from its 
somewhat discredited position, and re-establishing it as the imdispensable 
instrument of genuine research. 

‘* The solution of such equations as arise from sensible problems requires the 
use of fractions and of factors. The types of fractions and factors that a boy 
must master thoroughly are such as present themselves in the solution of 
reasonable problems, including problems occurring ordinarily in physics, 
trigonometry, etc. 

“* Algebraic fractions. Generally speaking, the difficulty of dealing with 
fractions depends on the form of the denominator. It is proposed that the 
elementary course should not contain anything beyond the following types : 


(a) Fractions with monomial denominators, e.g. = +—3 this is mere arith- 
metic. ae 


(6b) Fractions with linear denominators, e.g. these arise out 


of problems. z+2 2x+3" 


(c) Fractions with quadratic denominators which can be readily expressed 
as the product of linear factors, e.g. 


2 “ z+9 in 22 +65 3 
z-l z*-42+3 z?+42+3 z?-1° 


More complicated fractions, such as 
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do not arise out of ordinary problems, and should be classed as non-essential 
for elementary examinations. 

“* Algebraic factors may arise in the first instance in the extension of the 
corresponding part of arithmetic. They may also arise 


[e.g. a? -b?=(a +b)(a- b)] 


in the adaptation of formulae to computation. But, as a rule, they are taken 
up and studied systematically with a view to dealing with quadratic equations. 
Being included in the course on this ground, they should not go beyond the 
quadratic type, a?—b?, a2+2ab+b*, ax?+bx+c. Such forms as a*+6* and 
higher forms belong to formal algebra, and should not be essential for elemen- 
tary examinations. ... 

“ The idea of functionality is so important, socially as well as scientifically, 
that it should be fundamental even in an elementary course of mathematics. 
Work with graphs is now an accepted part of such a course ; we recommend 
that the study of variation should be made correlative with it.” 

Soon after this report was issued many examining bodies revised their 
syllabuses and algebra papers more or less conformed to the recommendations 
of the report. But it is fatally easy for an examiner to set questions that 
merely test manipulative skill; and, in my opinion, algebra papers in recent 
years have shown a tendency to require a skill that cannot be useful except to 
the specialist. 

After the School Certificate stage, those who require mathematics for its own 
sake or for science or engineering will need much drill at manipulation ; but 
that is no reason for giving this drill before that stage to all pupils alike, 
whether they will ever need manipulative skill or not. It is mere waste of time 
to polish a tool for all pupils when the majority of them will never use it. Ex- 
perience shows that the future mathematician, scientist or engineer acquires 
manipulative skill much more quickly in the post-certificate stage than he does 
in the earlier stage, so there is no loss for him in postponing the drill. 

A. W.S. 


CORRESPONDENCE. 


ScHoot CERTIFICATE MATHEMATICS. 
To the Editor of the Mathematical Gazette. 


Deak Sr1r,—The alternative syllabus in geometry and trigonometry issued 
by the Cambridge Local Syndicate is welcome because it will stimulate 
teachers to experiment with new teaching nethods and with alterations in 
the content of the elementary course. It deserves extensive and intensive 
discussion. : 

There is only one satisfactory method of assessing the value of a method 
of teaching, and that is by trying it in class or in a succession of classes. 
Discussion suggests possible plans to be tried, but an opinion based on general 
reasoning, without backing from trial in the classroom, has little if any value. 

In the matter of the Cambridge Syllabus, there are two lines of enquiry, 
not wholly independent of one another, to be followed: the use and abuse 
of theorem work ; and the extent to which geometry and trigonometry can 
be profitably fused. 

The object of this note is to set out some of the considerations which will 
arise out of such an enquiry, with a view to provoking discussion among 
teachers. It may be hoped that the Teaching Committee of the M.A. will 
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eventually issue some report on the subject, but the value of such a report 
will depend greatly upon the extent to which it has been possible to establish 
contact with the opinions and class-room experience of a large number of 
teachers, expressed at meetings of Branches of the Association, in the various 
educational journals, and elsewhere. 

There are advantages to be gained from the writing out of theorems, and 
thesé may be summarised as follows : 

(i) ‘The pupil learns a clear-cut form in which to express a logical argument. 
In learning to make a correct presentation of a proof, he has to realise, 
amongst other things, the importance of a clear statement of what is given 
and of what is to be proved. 

(ii) For many pupils, theorems provide the only opportunity of practice 
in setting out a sustained argument. Solution of riders requires accurate 
thought and clear expression, but most pupils can only tackle successfully 
one-step and two-step riders, and it is more profitable to use the time in 
tackling large numbers of riders than in continually writing them out. 

(iii) Special emphasis on a small number of carefully selected theorems 
will familiarise the pupil with types of construction and of arguments which 
are needed to strengthen his powers of application. 

(iv) A firm grasp of a few theorems will supply the necessary cohesion 
in the geometry course without which it'may degenerate into a series of 
unrelated, though possibly interesting, snippets. 

Roughly it may be said that, while memorising of the sense or outline of 
a proof is necessary, any memorising of the wording must be harmful. Also 
we must be careful that any attention to special theorems leaves ample time 
for numerical and’ formal rider-work in which admittedly the principal 
interest and value of the subject lie. We believe that these requirements 
can be met satisfactorily, and further we hope that geometry may make a 
valuable contribution towards remedying what the writers of. the Norwood 
Report appear to regard as a very serious weakness in secondary school 
education. On p. 13, they say : 

““. .. The complaint briefly is that too many pupils show marked inability 
to present ideas clearly to themselves, to arrange them and to express them 
clearly on paper or in speech, . . . they are too often at a loss in communicating 
what they want to communicate in clear and simple sentences. . . .”’ 

Perhaps the fault often arises from mental laziness: the pupil is reluctant 
to force himself to express on paper a line of argument which is present in 
outline in his mind but which can only be formulated by a definite effort. 

The reforms that have already been carried out in the teaching of geometry 
are partly due to the frank recognition that much of main-school geometry 
is physics rather than pure mathematics. This recognition accounts for the 
general acceptance of a broad group of assumptions upon which stage B 
geometry is built : angles at a point, angle properties associated with parallels, 
tests for congruence, and_also, in view of the early introduction of scale-draw- 
ing and numerical trigonometry, the tests for similarity which may be intro- 
duced along with the tests for congruence by analogous methods. 

The policy of building up a course of geometry round a small selection of 
theorems will be harmful if the enunciations and proofs of the theorems do 
not fall into their proper places in the general scheme. 

It is suggested that in the class-discussion of certain of the selected theorems, 
three stages should be distinguished : 

(i) The careful detailed preparation for the theorem by appeals to experi- 
ence, by general illustrations of the geometrical ideas involved, and by one- 
step riders. These will be designed to make the pupil understand exactly 
what the theorem means, to clear up any technical difficulties due to 
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unfamiliar mathematical words and phrases, and to make him familiar with 
the types of arguments needed for the proof of the theorem. 

(ii) The statement and proof of the theorem itself. 

(iii) The harvesting of the results, viz. the dependent theorems taken as 
riders, numerical examples, and one-step or two-step riders which arise 
naturally from the facts established. 

Of these stages the first is perhaps the most important and the most 
neglected. It well repays the time required for a complete treatment. 
The second stage is the shortest: for if the first stage has been carried out 
successfully, most pupils will “‘ know ” the theorem already, 7.e. will be in a 
position to make the attempt at setting out the proof. The length of the 
third stage will depend largely on the time at the teacher’s disposal. Thus 
although a concentrated and intensive attack has been made upon an indi- 
vidual theorem, most of the time will have been spent in strengthening the 
pupils’ appreciation of geometrical principles and applying them to numerical 
and other riders. 

For example, suppose that the selected theorem is “ parallelograms on the 
same base and between the same parallels are equal in area’’. Stage (i) 
would contain (a) illustrations of figures and surfaces of solids which are 
seen to be of equal area, although they are of different shapes, without appeal 
to numerical measurement by actual deformation ; (6) illustrations to clear 
up the meanings of such phrases, as ‘‘ between the same parallels ’’, ‘‘ distance 
between parallel lines ’’, and “ height and corresponding base ”’ ; (c) one-step 
riders to rehearse the arguments required in the theorem, namely congruence 
and the subtraction of areas. Since the latter is the main feature in the proof 
of this theorem, and since the pupil tends to add rather than subtract, a few 
one-step riders are necessary to emphasise this idea. Some of these can be 
of the discovery type. This first stage may easily spread over a couple of 
school periods, but the result is that when stage (ii) is reached, it occupies 
very little time and the work passes quickly into stage (iii) where the dependent 
theorems wanted for future rider-work are taken as riders and further applica- 
tions are made. 

In selecting the theorems it seems desirable to pay regard to the following 
considerations : 

(i) Emphasis may suitably be laid on theorems which introduce a new 
theme or serve as fundamental theorems in a new chapter. 

(ii) The theorems selected should illustrate diversity of method, both in 
construction and in proof, so as to fortify the pupils’ power of application. 

(iii) To help in the practice of teaching, it is desirable to include some 
theorems which lend themselves to valuable preparatory work, and from 
which a number of useful dependent results flow, thus supplying an element 
of cohesion in the pupils’ equipment. 

(iv) Some theorems should be chosen which give the opportunity for a 
sustained argument. 


(v) Difficulty should not be a reason for exclusion, nor easiness for inclusion. 
To compose a short list of these key-theorems round which the course is 
to be arranged is a thorny task, but it may at least provoke discussion if the 
following ten theorems are set out in order to give point to what has been 
said above : 
1. The exteri r angle of a triangle is equal to the sum of the opposite 
interior angles. 
2. Opposite sides of a parallelogram are equal. 
3. The “ equal intercept ”’ theorem. 
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4. The locus of a point equidistant from two given points (i.e. a theorem 
and its converse). 
. Parallelograms on the same base and between the same parallels are 
equal in area. 
Pythagoras’ Theorem. 
. In the triangle ABC, if AB > AC, then LC >ZB. 
. The angle at the centre is twice that at the circumference standing 
on the same arc. 
9. The perpendicular to a radius of a circle at its extremity is a tangent. 
10. Intersecting chords of a circle have the products of their segments equal. 


or 


C1 


To these may be added a curtailed list of key-constructions. These are 
additional to the usual stage A constructions. 


I. The reduction of a quadrilateral to an equivalent triangle. 
II. The construction of tangents to a circle from a given external point. 
III. The construction on a given line of a segment of a circle containing 
an angle equal to a given angle. 
IV. The construction of a mean proportional. 


The list given in the new Cambridge Local Syllabus does not entirely meet 
the requirements stated above. Most teachers will probably agree that it 
is our No. 1 that is fundamental rather than the “‘ angle-sum ”’ property. 
The “‘ equal intercept ’’ theorem can be regarded as an instructive example 
of congruence which is the basis of an important section of elementary 
geometry. The inclusion in the Cambridge list of a group of dependent 
theorems on the circle can be criticised on the ground that these are useful 
and interesting facts which the pupil should be able to tackle as riders. Our 
No. 9 is omitted, but this is probably because it is a limit treatment of tangents 
that is contemplated ; and if so it is rightly omitted. Nevertheless it is the 
essential result about tangents, though the “ alternate ‘segment ” theorem 
is also extremely useful and is no doubt included for that reason. Apart 
from the reference to Pythagoras, there is no application included of the 
properties of similarity, though such applications have their origin in stage A 
work. An example of a theorem and its converse should be given ; and this 
is a reason for the inclusion of No. 4 in the above list. The locus section of 
the Cambridge syllabus seems unsatisfactory. Lastly, the final theorem 
(a? +b? +c? =d?) is a strange choice. 

However, we are in complete agreement with the general policy of making 
cuts in the old-fashioned long syllabus of theorems and with the inclusion 
of trigonometrical and practical work. It will be all to the good if this has 
the effect of discouraging unintelligent memorisation of proofs of theorems 
for examination purposes. 

In addition to the key-theorems, there will be a number of derived results 
important for their use in rider-work. Their results must be known to the 
pupil. The Cambridge syllabus, we think rightly, leaves it to the teacher to 
decide which theorems belong to this category. 

Probably no three people will agree about all the details, but we find our- 
selves holding the same general views on matters of principle. 

C.°V. Durety, C. W. Parkes, A. Rosson. 
August 1943. 


1487. Leofric’s face . . . was full of the seindinitalave innocence seldom to 
be seen except on the faces of apes and noted mathematicians.—E. Ferrars, 
Don’t Monkey with Murder (1942), p. 62. [Per Prof. E. H. Neville.] 
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MATHEMATICAL NOTES 


1674. Notes on Conics. 9: Bobillier’s theorem. 

1. In a rectangular hyperbola, the points at infinity subtend a right angle 
at every point of the curve, and therefore every Frégier point is on the line 
at infinity. That is, 


Th. 1. The chords of a rectangular hyperbola that subtend a right angle at 
a point O of the curve are the chords parallel to the normal at O. 

This theorem, unlike Frégier’s theorem for the general conic, is little more 
than a reworded corollary of a more familiar result. If ABC is any triangle 
inscribed in a rectangular hyperbola, the second point in which the altitude 
through A cuts the curve is the orthocentre H, and if the triangle is right 
angled at A, then H coincides with A and the altitude is the tangent at A ; 
in other words, BC is parallel to the normal at A. 

If F is at infinity on the normal at O, the polar of F is the diameter which 
bisects chords parallel to the normal, and this, in a rectangular hyperbola, 
is perpendicular to the diameter which bisects chords parallel to the tangent 
at O, that is, is perpendicular to the diameter through O : 


Th. 2. Ina rectangular hyperbola, every point has the centre of the curve for 
its Frégier projection. 

Hence we have, as a particular case of the fundamental theorem on Frégier 
projections (see Th. 3 of my Note, Gazette, p. 134), the theorem : 


Th. 3. The pedal circle of any point on a rectangular hyperbola for any 
triangle inscribed in the curve passes through the centre of the hyperbola. 

This is Bobillier’s theorem, first given in 1829 in a classical paper on the 
rectangular hyperbola, an essay in reciprocation, which appeared in Gergonne’s 
Annales (t. 19, p. 349). Since the theorem is rich in consequences for ele- 
mentary geometry, there is some interest in examining the apparatus of 
different proofs. The truth seems to be, that the passage from Frégier’s 
theorem to the theorem on Frégier projections is not simplified in any way 
if the Frégier point happens to be at infinity, and that the whole simplification 
of Bobillier’s theorem, as compared with the general theorem, resides in the 
triviality of Th. 1 of this note as compared with Frégier’s theorem in general. 

2. A few immediate applications will suffice to indicate the coordinating 
power of Bobillier’s theorem. 

If four points do not form an orthocentric set, there is only one rectangular 
hyperbola through them. Hence 


Tk. 4. If four points are not orthocentric, the four pedal circles, of each point 
for the triangle whose vertices are the other three points, are concurrent. 

If four points are orthocentric, the four pedal circles coincide in the nine- 
point circle. In this case, every conic through the four points is a rectangular 
hyperbola, and the conics through the four points can be described as the 
rectangular hyperbolas through three of them. From the general theorem 
on Frégier projections we infer that 


Th. 5. The nine-point circle of a triangle is the centre-locus of rectangular 
hyperbolas through the vertices of the triangle. 

It will be noticed that Bobillier’s theorem itself tells us only that the centre 
of every rectangular hyperbola through ABC is on the nine-point circle of 
ABC. To complete the proof of Th. 5 without referring to Frégier projections 
in general, let Q be any point of the nine-point circle, and let R be the reflection 
in Q of the orthocentre H ; the centre of the rectangular hyperbola ABCR 
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is a point Q’ on the nine-point circle, and the reflection of H in the centre 
Q’ is a point R’ of the hyperbola. But, since HR=2HQ and HR’ =2HQ’, 
the points R and RF’ are on the circumcircle of ABC, and the five points 
A, B, C, R, R’ common to the circumcircle and the hyperbola cannot all 
be distinct. It follows that R’, which cannot coincide with A or B or C for 
an arbitrary position of R on the circumcircle, coincides with R, and therefore 
that Q’ coincides with Q: there is a rectangular hyperbola through ABC 
which has its centre at Q. 


From Th. 5, 


Th. 6. The centre of the rectangular hyperbola through four points that are 
not orthocentric is a point common to the nine-point circles of the four triangles 
obtained by omitting each of the four points in turn. 

Since the nine-point circles of ABC and ABD have the midpoint of AB 
for one common point, the centre of the rectangular hyperbola ABCD can 
be identified without ambiguity from any two of the four circles. 


Taking Bobillier’s theorem with Th. 5, we see that 


Th. 7. The pedal circle of any point U for a triangle ABC cuts the nine- 
point circle of ABC at the centre of the rectangular hyperbola ABCU. 

Comments on this theoremi must be reserved for another note. For the 
present, we end with a question. In the pencil of conics ABCU, there are 
two conics for which the Frégier projection of U lies on the nine-point circle 
of ABC. One of these two conics is the rectangular hyperbola ABCU. Has 
the other of the two any simple characteristic which distinguishes it in the 
pencil? If V is the isogonal conjugate of U in the triangle ABC, the pedal 
circle of V is identical with that of U and the second intersection of this 
circle with the nine-point circle is identifiable as the centre of the rectangular 
hyperbola ABCV, but as a rule the rectangular hyperbola ABCV does not 
belong to the pencil ABCU ; this is not the identification we want. 

E. H. N. 

1675. Minimum deviation of light through a prism. 

The study of the passage of light through a triangular prism forms part of 
every course in elementary Physics, and it is customary to use graphical 
methods to verify that the angle of deviation has a minimum value when 
the angle of incidence and the angle of emergence are equal, the graphs being 
obtained, of course, from experimental results. At a later (post-certificate) 
stage it appears to be usual in textbooks to employ a sort of “ reductio ad 
absurdum ” argument based on reversing the rays to obtain the fact that a 
critical value of the angle of deviation is possible only in conditions of equality 
between those of incidence and emergence, but an appeal has to be made to 
the experimental fact that only one such position obtains in order to complete 
the argument at all, and only the vaguest =ttempts seem to be made to show 
that the critical value is indeed a minimum. The following treatment, entirely 
mathematical with no reference to experiment with such a prism, may be of 
interest to Sixth Form teachers of Mathematics who appreciate an opportunity 
to apply their mathematics to their pupils’ Science course or to Physics 
teachers who are not above an occasional departure from their laboratory 
benches. The proof is not of the most elementary, but should be easily 
intelligible to any pupil who is past his first year after School Certificate. 

With the usual notation (see figure) we have, for any value of 4, 


r,+17,=A=constant, 
D=(i, +4.) -(4+72)=+%,-A. 
If D has a stationary value, dD/di,=0 and hence di,/di,= — 1. 
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Now sin 7,=, sin 7, and so 
~ h, 
COS 1,» — =p COS 7; ; 
1 dr, fod 1» 
meee . Oe 
similarly, COS 1, - —— =p COST. 
dr, 


cos 7, di, dr, _cosr, 








piviting. cos i, di, dr, cosr, 
But since r,+7r,=A, dr,/dr,= -—1. Hence 
cost, di, cos r, 
cos i, di, COB 








If D has a stationary value, di,/di,= — 1. 


cost, cost 
Thus po he ; 
cosr,; CcOosr, 





Hence cost,=kcosr,; but sin?,=psinr,. Thus, eliminating %,, 

1 =k? cos? r, + p? sin? 7, 
or (yp? — k*) sin? r, = 1 - k?. 
Similarly, (nu? — k*) sin? r,= 1 - k*. 
Since r, and r, are acute, we have r,;=r, and so 1,=1%;. 

In these conditions, let 1,;=7,=%, 71,=7r,=7r. Then 
D=2-A and 2r=A, 
whence the well-known formula Pa sin ; 
sin $A 


D here having its critical value. 


To determine whether the critical value of D is maximum or minimum, 
consider slight changes in the four angles, 2,, 7;, 7;,7;. Since 7,+7,;= constant, 
any change 5r (positive or negative) in r, must be accompanied by an equal 
but opposite change dr (negative or positive) in r,. Hence, for a given value 
of Sr, one of the two angles i, and 1, must increase and the other decrease. 
If the increase in one be & and the decrease.in the other be 81’, then D 
increases by 81 - 8i’, so that D must have a maximum or minimum value 
according as 8i (the increase in one angle) is less or greater than 5%’ (the 


decrease in the other). 
N 
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Now sin (4 + 8+) =, sin (r+ 6r), 
sin (7 — 8¢’) =p sin (r — 6r). 
Adding: 2 sin {i + $(8% — 8¢’)} cos $(8¢ + 8¢’) = 2 sin r cos Sr 
PMC OOD OD. onc scnscsscccnssivetl (i) 
Since i > r (both acute), and, to the first order, 
cot 7 8i=cot r Sr, 
we have coti < cotr, 5 > Sr. 
Similarly 87’ > 5r, whence 81 + &’ > 2 6r. 
Hence cos $(3i + 84’) < cos Sr, 
and so, by (i), sin {i + $(8¢ — 8¢’)} >sin 7. 
Hence 8 > &’ and the critical value of D is a minimum. 
G. H. GRaTTAN-GUINNEss. 


1676. All roads lead to Rome. 

The Report on the Teaching of Algebra mentions (p. 112) that it is possible 
for the pupil to obtain a correct result by a fundamentally wrong method. 
Here are two actual examples : 








Cc 
(2+36) ins. 
E 
toi) 
B (g+#) 10S. A 
x (x® x 2) +(z*)? = 2718 28 = 23, 
2. a? +(x+4)?=(x+ 36)?, 
x? + 22+ 483=277 + 362, 
22+ 27+ 16=2?+ 336, 
ax* + 2% —- x*= 336 — 16, 
a* = 320, 
z= 80. 


Hence BC = 80 ins.—and it is/ W. H. Brversrocx. 
1677. ‘The asymptotic cone to a quadric in n dimensions. ; 
Suppose a point P(z,’, z,’, ... Z,’) lies on the asymptotic cone of the quadric 
n 
S=Z(a,z,? + 2b,,x,z, + 2¢,z,) +d =0, then the sections by the “ hyperplane at 
1 


infinity ” of the quadric, of the tangent cone to it from P and of the polar 
hyperplane of P, all have common contact. The required condition is therefore, 
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n n ; 
in the usual notation, that 7X ,’x, =0 is tangential to 2(a,27,* +2b,,2, x,)=0 
1 


or, dropping dashes, the locus of P is 





a, SE eee Ong Me 18; 
Bigg es, big «Xe 

ee, ee ee re. 

Sas <S eygeeey > a 





n 
which can be conveniently written as 2(A,X,*+2B,,X,X,) =0. 
1 


Since the equation is homogeneous in the X,’s it represents a quadratic 
hypercone with vertex X,=X,=...=X,=0. The discussion of the special 
cases when this point is not a definite finite one is beyond the intention of 
this note. 

Further, considering its contact with the quadric, it is clear that we may 
write the equation of the asymptotic cone in the form S=k*, where k is a 
constant. Since this is a quadric of specialisation 1, we must have 
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The case n=2 falls essentially within this proof, a simpler wording being 
of course available. H. GwyNEDD GREEN. 


1678. The use of the set-square. 

One of the difficulties of war-time teaching of geometry is without doubt 
the fact that it is now so difficult to buy a decent compass. So perhaps 
teachers would do well to consider to what extent the use of the compass can 
be replaced by the use of the set-square. 

At present it is customary to use the set-square for drawing perpendiculars 
and parallels ; for dividing a line into a number of equal parts (the necessary 
equal lengths being in practice marked off from the ruler and not with the 
compass) ; for constructing third and fourth proportionals ; and for drawing 
tangents at points on a circle. It, or the ruler, may also be used to draw 
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the tangents to a circle from an external point, and subsequently to find the 
points of contact, or to draw the common tangents to two circles. 

Perhaps, however, it is not realised how conveniently it can be used for 
bisecting an angle and for bisecting a line. For this purpose a “‘ graduated ” 
set-square is needed, but all that is meant by “‘ graduated ”’ is that two 
marks are made on the edge so that a length, subsequently called 1, may be 
marked off on a line. The constructions are as follows. 

To bisect an angle BAC, mark off a length AD =/1 along AC ; from D draw 
a parallel to AB and along it mark off DE=l. Then AE is the bisector. 

To bisect a line AB, draw a pair of parallels from A and B in opposite 
senses and mark off AD, BE each equal to 1; then DE bisects AB. This 
is of course a special case of the construction mentioned above. 

In a fairly recent certificate paper a triangle ABC was given and the 
point D had to be found on a line AX (in this case outside the triangle) such 
that ABCD was cyclic. This is probably done quicker and better by set- 
square only than by use of the compass. Perpendiculars to AB at B and 
AC at C give the other end P of the diameter from A, and D is the foot of the 
perpendicular from P to AX. 

It is also easy to find the point where the circle on AB as diameter cuts 
any given line, by sliding the set-square about until its edges pass through 
A and B and its vertex is on the given line. For this “‘ construction ’’ it is 
convenient that the set-square should be transparent—but it often is. A 
special case of this determines the mean proportional between two given lines. 

Unlike constructions by compass only, the set-square constructions 
mentioned are usually just as quick and mess the diagram as little as the 
orthodox constructions. By their aid and the use of the circular templates 
which we many of us carry in our pockets (and would wish larger and more 
numerous) neat figures can be made for many of the riders in our geometry 
books. 

But I do not see how we can without a compass draw the circumcircle of 
a given triangle or draw a triangle with three given sides, unless we make all 
the triangles in our geometry books Pythagorean, as a good many of them 
are already. C. O. TuckeEy. 


1679. The quadratic equation. 


The following re-arrangement of the usual procedure in solving a quadratic 
equation seems to be preferred by many boys, and is perhaps particularly 
helpful for those in ‘“‘ B ” and “‘ C ” forms, possibly since it avoids fractions. 


Since 4a*x* + 4abx + b*? = (2az + b)?, 
we write the general equation as 


ax*+br=-c; 
multiply both sides by 4a and add 6? to each side. 
Thus 4a*x* + 4abxr + b* = b? — 4ac, 
or (2az + b)? = b? — 4ac. 
A complete numerical solution would look like something as follows : 
32? + 5a -3=0, 
3a? + 5a =3, 
(6a + 5)? = 36 + 25, 
62+5=+./61 


= +7-82, by slide rule. 
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6x= — 12-82 or 2-82, 
whence x= -—2:14 or -47. H. L. SHARMAN. 


1680. The addition formulae. 


The following proof of the addition formulae for the sine and cosine was 
suggested to me by a remark of a pupil. 





cr 
c d 





Writing down the area of the whole figure in two ways, we have 


Zab sin (0+ d) = $ce + fed. 
Hence sin (0+¢)=ce/ab + edjab 
=sin @ cos ¢+ cos @ sin ¢. 


The modification for sin (@-—¢) is obvious: fold the figure about the line e 
and consider the area of the triangle which is then the difference of two 
right-angled triangles. 

For the cosine, make a small change in the lettering of the figure, replacing 
@by 47-6. Then as before 


Zab sin (¢ + $2 — 0) = 4ce + fed. 
Hence cos (0-¢)=ce/ab + ed/ab 
=cos 6 cos ¢+sin @ sin ¢, 


and the same modification as above will give us the formula for cos (6+ ¢). 
A. R. ParcEeter. 


1681. The order of teaching elementary algebra. 


I think it was Westaway who said that he had not yet met any teaching 
or educational method so bad that it was not made really successful by its 
enthusiastic exponent. I should be most grateful, therefore, if someone else 
could try taking elementary algebra in the following order. I used Godfrey 
and Siddons, Elementary algebra, for my examples, etc. 

1. Early ideas up to simple equations and problems on them ; 
. Easy simultaneous equations and easy problems on them ; 
. Easy quadratics and easy problems on them ; 
. Simple equations with fractions and problems on them ; 
. Simultaneous equations with fractions and problems on them ; 
. More difficult quadratics and problems on them. 

I think that this order is particularly useful for those who are poor at 
mathematics, either because they have been badly grounded or because they 
left school early and have had to take up mathematics again later. 

C. D, Lanerorp. 
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REVIEWS. 


Arithmetic in General Education. Sixteenth Yearbook of the National Council 
of Teachers of Mathematics. Pp. xii, 335. 1941. (Bureau of Publications, 
Teachers College, Columbia University, New York) 

This volume presents a useful summary of the evidence in favour of 
teaching arithmetic as a closely-knit system of understandable ideas—the 
characteristic features of whose successful conquest are a recognition of 
relationships, an insight into meaning, an ability to generalise, and a power to 
deal intelligently with arithmetical situations. It is the work of a com- 
mittee of experts to whom this restatement seemed necessary because of 
the survival in much current discussion of two outmoded theories—the 
connectionists’ emphasis on the value of mere drill with its accompanying 
fear of the imperfect learning which may result from independent thinking, 
and the so-called progressives’ advocacy of incidental learning through the 
random study of topics resulting from opportunities offered by projects or 
activity programmes of various kinds. In ‘most of the schools of England 
these two fashions (dating back thirty and twenty years respectively) have 
up till now enjoyed less popularity than in certain districts of America. 
It is, however, important that full publicity be given to the implications and 
the consequences of a tendency to disparage a systematic study of accredited 
subjects in favour of an emphasis on social uses which may become an 
encouragement of fragmentary learning and an excuse for avoiding efforts 
after genuine understanding. 

Justification for the point of view of this group of thinkers is based on 
the belief that learning is a meaningful and not a mechanical activity. This 
in turn finds its fullest expression in recent developments of the Gestalt 
viewpoint in educational psychology with its stress on relatedness rather 
than itemisation, on generalisation rather than specificity and its realisation 
that learning is a developmental process rather than a repetitive fixing of 
stereotyped responses. The book as a whole provides a most useful illustra- 
tion of recent work, and at the same time it offers a very fair analysis of 
the contribution made by both the earlier theories. (Much recurrent arith- 
metical experience is admittedly necessary as well as a recognition of the 
significance of mathematical ideas through their use in practical affairs.) 
Excellent summaries are also given of useful class-room devices and recent 
methods of evaluation. C. M. F. 


The Teaching of Arithmetic. By JoHN Morrison. Publications of the 
Scottish Council for Research in Education, XXI. Pp. viii, 31. 1s. 1943. 
(Univ. of London Press) 

Educational research has in the last twenty years made remarkable 
contributions towards the improvement of,teaching practice especially at 
the junior school stage. The findings of such research are, however, not yet 
generally known. This small book is an attempt to summarise in accessible 
form the most important conclusions reached in a series of recent investiga- 
tions by Scottish teachers into certain problems raised by the teaching of 
Arithmetic. It is commendably full of cross-references to the detailed 
reports given in earlier publications of the Scottish Council for Research in 
Education ; but it is sufficiently lucid to be usable alone. 

Perhaps the most important part of its contents is the emphasis it lays 
on the need for educational guidance through wise testing and the provision 
of suitable remedial practice from day to day. Diagnosis of difficulties and 
assessment of readiness to proceed to new work are recognised as of greater 
importance than familiarity with certain much-advertised studies of the 








Lr iio io il. ae. an. ae a a 


ao 


a 32 





the 
irs.) 
cent 


i. F. 


the 
943. 


able 
y at 
b yet 
sible 
tiga- 
ig of 
ailed 
eh in 


lays 
‘ision 
; and 


eater 
f the 








REVIEWS 187 


age-placement of topics with ‘their assumption of a certain fixity of method 
and their tendency to postponement of more and more of the content of 
arithmetic to stages approximating to the University level at which the 
formal study of arithmetic was once conducted. Such postponement may 
be necessary for some pupils. It is not proven that it is desirable for all. 
This emphasis on educational guidance carries with it the assumptions 
that individual pupils shall be encouraged to progress at their own best pace, 
and that teachers shall be responsive to advice based on the best available 
evidence. It is obviously anticipated that teachers will be willing to co- 
operate in the scientific planning of schemes of work and the jettisoning 
of admittedly inefficient procedures. The competence and experimental 
resource of many thousands of such class-room workers are aitested by the 
researches already accomplished in Scotland ; and there seems every reason 
to believe that still further advantage will be taken of the freedom to investi- 
gate which is one of the consequences of the professional liberty enjoyed by 
well-trained teachers inside a state system of schools. C. M. F. 


Nautical Mathematics. By S. A. Watiine and J.C. Hirxu. Pp. 143. 3s. 6d. 
1943. (Cambridge) 

The “ ha’p’orth of tar ” in this “ ship ’’ is the title which is most misleading. 
Here is a book labelled ‘‘ mathematics ’’ in which the authors find it desirable, 
for example, to quote a formula as “‘ 18 x D x D ” since their readers may not 
be acquainted with the significance of ‘“‘ D?’’. Given such a title as ‘‘ Nautical 
Arithmetic ” I would:describe it as an excellent collection of examples in 
arithmetic with sound and simple practical explanations of the processes 
involved. Nearly all the examples have, to quote Rear-Admiral Vivian’s 
foreword, “* been clothed with a seaman’s rig’”’—and quite successfully too. 

I see no reason, however, even in an elementary book for such conflicting 
statements as (p. 49) “‘. . . should be committed to memory : 1 nautical mile 
=2000 yards . . .”’ whereas (p. 57) ‘‘ Assume 1 N.M. =2000 yards unless told 
otherwise *’ followed two lines later, in an example, by ‘“ 1 N.M.=6080 ft.” 
A brief explanation of these apparent anomalies would remove a seéming 
mystery. 

At the sight of “‘ Circumference = 4? x Diameter ” I cannot resist recalling 
the Stoker Chief Petty Officer who was overheard telling the cadets that they 
need not pay any attention to what their ‘‘ professors” told them about 2x 
because it was ‘‘ #2 as laid down by the Admirality ”’. G. A. C. 


Examples in Engineering Mathematics for Students. By S. H. GLENISTER and 
J.F. MIDDLETON. Pp. 86. 3s. 1943. (Harrap) 

This book is intended for the use of students in First-Year Senior National 
Certificate Courses. The,examples are well chosen and have a distinctly 
practical aspect ; they will be appreciated by students and will be useful to 
mathematicians who have to teach engineers. In general the examples have 
been carefully worded, but the statement in Example 13 of Exercise 2 is 
quite erroneous, and so is the answer given, and Example 7, Exercise 24 is 
not sufficiently clear. There are no examples where the idea of significant 
figures is used, and sometimes the number of figures given in the answer is 
not justified by the data of the question, for example the equivalent of a 


‘Speed of 3497-96 metres per second is given as 688,573:4 feet per minute, it 


being stated that 1 metre is equal to 39-37 inches. This answer is actually in 
error by more than 13 feet per minute. 
The book is clearly and attractively printed, and is bound in limp cloth. 
N. M. H.L. 
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Logarithms and Slide Rule Work. By T. H. Warp Hitz. Pp. vii, 31. 2s. 
1943. (Pitman) 

The booklet is in three short chapters. The first leads up to the subject of 
logarithms by a discussion on indices. It contains a graph of logarithms to 
the base 2, and it is shown how this can be used to perform simple computations 


such as multiplication. The use of logarithms to the base 10 is then explained | 
in the next chapter with the aid of 10 worked examples. The tabulation of ~ 


these is practically that recommended by the Mathematical Association. The 
chapter ends with two sets of examples. The first contains 18 exercises, and 
further practice in the application of logarithms is given in a longer set of 
attractive problems and formulae. 


The last chapter, of 9 pages, gives a short explanation of the Slide Rule and ~ 


how to use the A, B, C and D scales in calculations involving multiplications, 
divisions, squares, cubes, square roots and cube roots. The author recom- 
mends the use of the cursor for even simple multiplications and divisions ; this 
is quite unnecessary. He does not give a definite recommendation to use the 
C and D scales for general work in preference to the A and B scales. The only 


drawing of the Slide Rule is 5” by 3”.__ This is too small an illustration, the 


lines being too crowded for a beginner to follow easily, and some of the figures 
in the drawing are too small to be readable. An 8” rule across two pages, or 
a 10” rule with the middle part missing, would have been preferable. The 
booklet concludes with tables of logarithms and antilogarithms, and answers 
to the exercises. 8.1L 


Mathematics Dictionary. By G. James and R.C.Jamezs. Revised edition. 
Pp. viii, 273, 46. $3. 1943. (Digest Press, Van Nuys, California) 


To say that this book is unusual would be a gross understatement: it | 


is, in fact, to the best of the reviewer’s knowledge, a unique achievement, and 


moreover should prove a very welcome asset to all those engaged in reading | 


mathematics. 


Its comprehensiveness extends to standard definitions of terms and phrases ~ 
from arithmetic, elementary algebra and geometry, differential and integral — 
calculus (including simple differential equations), trigonometry and analytical | 
geometry and the mathematics of finance. Numerous illustrations and examples © 
are worked out in the text, thus rendering the whole work a model of lucidity, ~ 

Not content with this immense undertaking, the authors have been generous ~ 
enough to include an appendix containing the usual tables of logarithms and ~ 
trigonometrical functions, a very valuable list of mathematical symbols, and, — 
by way of epilogue, a veritable galaxy of integrals, numbering in all 423! (Not 7 
factorial). J.H. Ps 
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